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1. (a) Two companies, A and B, produce phones in country X. The number of phones produced
by A is twice the number of phones produced by B. We know that 9% of phones produced
by A and 10% of phones produced by B are faulty. Given that a randomly selected phone
from X is faulty, find the probability that it was produced by B. [3 marks]

(b) The waiting time for processing of a refund by company B has an exponential distribution
with mean 100 days. Given that a customer has been already waiting for 120 days for their
refund, find the average remaining waiting time. [2 marks]

(c) Use the Central Limit Theorem to approximate the probability that in a batch of randomly
selected 1000 phones from X, no more than 80 are faulty. [4 marks]

[Total 9 marks]
[PLEASE TURN OVER]



MM F21SA

. The number of a certain kind of bacteria in k litres of water from a local reservoir is believed to
have a Poisson distribution with mean kX for any £ > 1, where A > 0 is an unknown parameter.
A testing method allows researchers to tell whether a sample of water contains the bacteria,
but not their exact number. Among 50 samples of 1 litre each, the bacteria was present in 12
samples, and then in additional 5 samples of 2 litre each, no bacteria presence was registered.
Based on the available data, prove that the maximum likelihood estimate of the average number
of the bacteria in 100 litres of water from the reservoir is 100 log(5/4).

[Total 5 marks]
[PLEASE TURN OVER]
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. A group of researchers collected 50 specimens of a certain plant and measured their height.
The sample mean was z = 20.68 cm and the sample standard deviation s = 2.59 cm. Based on
this experiment, the researchers proposed the hypothesis Hj that the mean height of this plant
is 20 cm, with the alternative hypothesis being that the mean height is greater than 20 cm.

(a) Is there enough evidence to reject Hy at significance level 1%? [3 marks]
(b) State the p-value for the test in (a). Would you reject Hy at significance level 5%7? [2 marks]

(c) The experiment was subsequently reviewed by a different group of researchers who discov-
ered that the two specimens with extreme heights of 9.02 cm and 29.95 cm, respectively,
were incorrectly classified and in fact belong to a different species. Hence their heights
should be removed from the sample. With the modified data, is there enough evidence to
reject Hy at significance level 1%? [4 marks]

[Total 9 marks]
[PLEASE TURN OVER]



MM F21SA

. Afactory produces components that are supposed to withstand high temperatures. In an exper-
iment, 10 components were tested and the times until their melting were recorded. The following
table summarises the data:

Temperature in°C (x) | 180 185 190 195 200 205 210 215 220 225
Melting timeinmin (y) | 67 64 62 57 51 49 46 41 35 33

For these data

D @ =2025, ) a7 =412125, Y y; =505, > _y7 = 26791, > ay; = 100640
(a) Calculate S;z, Syy, and Syy. [2 marks]
(b) Calculate the fitted linear regression equation of decrease in y on . [3 marks]

(c) In practice, the component will need to be able to work in 200°C for at least 50 minutes.
Find a suitable one-sided 99% confidence interval for the melting time for a temperature of
200°C. Based on the result, comment on whether the data fits the model well.  [4 marks]

[Total 9 marks]
[PLEASE TURN OVER]
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5. Let « = (z1,...,x,) denote a realised sample from a geometric distribution with unknown
parameter 6 € (0, 1). The likelihood of a single observation x;, is

L(0;xr) =0(1 —6)*+.
Assume that observations are i.i.d. given the value of 6.

(a) Let a, 8 > 0. Assuming a Beta(«, 3) prior for 6, derive the posterior distribution for 6 given
the observed data . [3 marks]

(b) Report the posterior mean and variance for 6. [2 marks]

(c) Consider a prior () ﬁ Using the law of large numbers, check if the posterior mean
is a consistent estimator of 6. [3 marks]

[Total 8 marks]
[END OF PAPER]



TABLE 4. THE NORMAL DISTRIBUTION FUNCTION

The function tabulated is ©(x) = 3" dt, O(x) is

1 J' x
N2 J —0
the probability that a random variable, normally distributed
with zero mean and unit variance, will be less than or equal
to x. When x < o use ®(x) = 1 —®(—x), as the normal
distribution with zero mean and unit variance is symmetric
about zero.
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The critical table below gives on the left the range of values of x for which ®(x) takes the value on the right,
correct to the last figure given; in critical cases, take the upper of the two values of ®(x) indicated,
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TABLE 5. PERCENTAGE POINTS OF THE
NORMAL DISTRIBUTION

This table gives percentage points x(P) defined by the

equation

p
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If X is a variable, normally distributed with zero mean and
unit variance, P/100 is the probability that X > x(P). The
lower P per cent points are given by symmetry as —x(P),
and the probability that [X| = x(P) is 2P/100.
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+—:| is very accurate, with relative error



TABLE 10. PERCENTAGE POINTS OF THE #-DISTRIBUTION

This table gives percentage points t,(P) defined by the
equation

i_;I‘(éerg-) © dt

100 Jva TEY) t,p) (1 +13/v)r+0’

Let X, and X, be independent random variables having a
normal distribution with zero mean and unit variance and a
x2-distribution with v degrees of freedom respectively; then
t = X,/VX,/v has Student’s t-distribution with v degrees of
freedom, and the probability that ¢ = t,(P) is P/100. The
lower percentage points are given by symmetry as —¢,(P),
and the probability that |¢t] = ¢,(P)is 2P/100.
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The limiting distribution of ¢ as v tends to infinity is the
normal distribution with zero mean and unit variance. When
v is large interpolation in v should be harmonic.
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