
ϭ. [ϭϳ poinƚƐ΁ Use binomial lattices to find the premium on a pay later option on a stock with a 
current price of ΨϱϬ, a strike price of Ψϱϯ, and a volatility of ϯϬй.  Assume a risk-free rate of ϱй.  
Assume the option is European style and the payoff is: 

𝑓ሺ𝑆், 𝑃ሻ ൌ ൜𝑆் െ 𝐾 െ 𝑃, 𝑆் ൒ 𝐾
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

where, ST is the stock price at maturity, K is the strike price, and P is the option premium (for 
which you are solving).  

Note: A pay later option can be described as follows:  

͞an option in which no premium is paid up front when the contract is entered͘  If the option is in 
the money at expiration, the option must be exercised and a premium is paid to the writer͘ 
Otherwise, the option expires worthless and no premium is due͘  Note that the net payoff for the 
option holder can be negative, when the option is not deeply in the money, so that the payoff is 
smaller than the premium͖ therefore by no arbitrage arguments, if the net payoff were always 
nonͲnegative, we could not have a contract with zero value at time t с Ϭ͘͟  

HINT͗ You will need to use a method to solve for a nonlinear equation such as the Bisection 
method to solve this problem͘  Essentially you want to guess at premium values to set the 
initial value of the option to ǌero͘  ;I have populated the R vignette with a bisection code that 
will workͿ͘ 

 

  



Ϯ. [ϭϳ poinƚƐ΁ Risk managers frequently use the duration and convexity of bonds to manage 
interest rate risk.  Using the bonds listed below, find a portfolio of bonds that maximizes the 
total portfolio yield subject to the following constraints.  That is, your objective is to maximize 
the expected yield of the portfolio: 

max
௪
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where wi is the weight invested in bond i and yi is the yield to maturity of bond i. 

 
Subject to the following constraints: 
 

i.) You are not allowed to short any bonds 
𝑤௜ ൒ 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 

ii.) You must invest all your wealth 

෍ 𝑤௜

௡

௜ୀଵ

ൌ 1 

iii.) The duration of the portfolio must be equal to ϳ.ϱ years 

෍ 𝑤௜𝑑௜

௡

௜ୀଵ

ൌ 7.5, 

Where wi is the weight invested in bond i, di is the duration of bond i, and the 
portfolio duration (ϳ.ϱ) is equal to the weighted average of the individual bond 
durations. 
 

iv.) The convexity of the portfolio must be equal to ϴϬ.ϱ 

෍ 𝑤௜𝑐௜

௡

௜ୀଵ

ൌ 80.5, 

Where wi is the weight invested in bond i, ci is the convexity of bond i, and the 
portfolio convexity (ϴϬ.ϱ) is equal to the weighted average of the individual 
bond convexities. 

Use constrOptim.nl() to solve for the set of weights to optimize the above problem.  Report your optimal 
portfolio weights in the last column of `df.Ϯ`. 

Bond Years to 
Maturity 

Coupon (й) Face Value 
(Ψ) 

YTM (й) Duration Convexity Weight 

ϭ ϭϯ ϴ.ϬϬ ϯϬϬ ϭϬ.ϬϮϵϯ ϳ.ϰϭ ϳϴ.ϲϳ  
Ϯ ϭϭ ϳ.ϬϬ ϭ,ϬϬϬ ϭϮ.ϯϮϭϮ ϲ.ϱϰ ϲϬ.ϭϳ  
ϯ ϭϴ ϲ.ϬϬ ϮϬϬ ϭϭ.ϭϱϭϴ ϴ.ϲϬ ϭϭϰ.ϯϰ  
ϰ ϭϯ ϱ.ϬϬ ϭϬϬ ϵ.Ϭϵϱϱ ϴ.ϯϴ ϵϰ.ϲϴ  
ϱ ϴ ϱ.ϬϬ ϭϬϬ ϭϭ.ϲϭϱϯ ϱ.ϳϵ ϰϯ.ϯϴ  

Save your results in the last column of `df.Ϯ` 



ϯ. [ϭϳ poinƚƐ΁ Imagine that you have ΨϱϬ,ϬϬϬ in student loan debt with an interest rate of ϱ.ϴϳϱй 
APR with monthly compounding.  Your lender has agreed to allow to you pay off your debt over 
ϭϬ years on a monthly basis such that you make ϭϮϬ equal monthly payments of Ψϱϱϭ.ϵϳ 
starting one month from today over the next ϭϬ years.  However, you are considering making 
higher monthly payments to pay off your debt sooner.  In particular, you are considering making 
the following payments: 

PAYMENT NUMBER OF MONTHS TO 
REPAY 

LAST MONTH PAYMENT 

ΨϲϬϬ͘ϬϬ   

ΨϲϮϱ͘ϬϬ   

ΨϲϱϬ͘ϬϬ   

Ψϲϳϱ͘ϬϬ   

ΨϳϬϬ͘ϬϬ   

ΨϳϮϱ͘ϬϬ   

ΨϳϱϬ͘ϬϬ   

 

Note the following: 

x An interest rate of ϱ.ϴϳϱй APR with monthly compounding means that the monthly interest 
rate charged is ϱ.ϴϳϱй/ϭϮ.   

x The following equation is used by banks to compute loan payments: 

𝑃𝑉 ൌ ஼
௥

ቀ1 െ ଵ
ሺଵା௥ሻ೙ቁ, 

where, PV is the present value of the loan (ΨϱϬ,ϬϬϬ in this example), C is the monthly payment 
(first column of the above table), r is the monthly interest rate (see the above bullet point), and 
n is the number of monthly payments.  As an example, you can confirm that C will be equal to 
Ψϱϱϭ.ϵϳ in the above example with r с ϱ.ϴϳϱй/ϭϮ, n с ϭϮϬ, and PV с ΨϱϬ,ϬϬϬ. 

x This question is asking you to use the above equation to solve for n.  However, since you are 
choosing a monthly payment and solving for n, there will be n-ϭ equal payments and the last 
month’s payment will be smaller. 

Use the biƐecƚion meƚhod to solve for the number of months to maturity and then back out the last 
month’s payment.  Save your results in the last two columns of `df.ϯ`.  [HINT: the present value of n-ϭ 
payments plus the last month’s payment should be exactly equal to the present value of the loan – i.e., 
ΨϱϬ,ϬϬϬ΁. 

Save your results in the last two columns of `df.ϯ.` 
  



ϰ. [ϭϳ poinƚƐ΁ Write a function to compute the annualized mean and volatility of a given stock’s 
daily returns over the past n trading days.  The function should take the following in as inputs: 

x Stock ticker (AAPL, SPY, BAC, etc.) 
x Number of days returns to compute the volatility (ϲϬ days, ϮϱϬ, days, etc.) 
x Minimum number of observations (e.g., a minimum of ϭϬ days returns must be used to 

compute volatility, otherwise return an error message) 
The function should output the following: 

x The annualized n-day volatility 
x The annualized n-day mean 
x The number of valid returns used to compute the mean and volatility 

Your function should utilize the quantmod package we have used in class to automate the data 
download.  

(I will test the function for BAC, SPY and AAPL for various values of n). 

Fill in the function questionϰ ф- function;tic,n,min.nͿ΂΃ 
  



ϱ. [ϭϳ poinƚƐ΁ Write a function to compute the internal rate of return (IRR) of a generic series of 
cash flows.  Your function should take a vector of cash flows and a vector of the timing of the 
cash flows as inputs, and return the internal rate of return (IRR) as the output.  The IRR is the 
discount rate which sets the discounted sum of the cash flows equal to the present value of the 
series of cash flows.  Formally, let r represent the IRR and define the problem as follows: 
 

𝑃𝑉 ൌ ෍
𝐶௜,௧

ሺ1 ൅ 𝑟ሻ௧

௡

௜ୀଵ

 

 where, Ci,t is cash flow i at time t; PV is the present value of the sum of cash flows (which you set 
equal to zero to solve); n is the number of cash flows; and r is the internal rate of return (IRR). 

 You may use any method for solving nonlinear equations but you must write your own function 
(e.g., you could use the bisection or Newton’s method).  

 I will test that your function works by trying a few examples.   

Fill in the function questionϱ ф- function;c,tͿ΂΃ 
  



ϲ. [ϮϬ poinƚƐ΁ Answer the following questions using the data defined in question ϲ of the 
Midterm_ϮϬϮϮ.R file.  The data includes the risk-free rate (rf), market risk premium (RP), a 
vector of stock betas (beta), and the covariance matrix (sigma).  All data is annualized.  
 

a. Find the expected returns of each stock using the CAPM: 

𝑅௜ ൌ 𝑟௙ ൅ ௜ߚ ∗ 𝑅𝑃 

where, Ri is the return on stock i, rf is the risk-free rate, ߚ௜ is the beta of stock i, and RP is the risk 
premium.  Note that you can use the provided data to calculate the expected returns.   

b. Find the portfolio of stocks that maximizes the expected utility of your portfolio, where 
your utility is quadratic and defined as follows:  

u(x) с E[Rpf΁- O/ϮΎVpf
Ϯ 

 
where,  
Rpf is the expected return on the portfolio 
Vpf is the expected volatility of the portfolio 
O is a constant risk aversion level 

 
c. What would the risk aversion parameter have to be for you to allocate ϭϬϬй of your 

funds to the risky asset (your stock portfolio) in the previous question?  What would the 
risk aversion parameter have to be for you to allocate ϱϬй of your funds to the risky 
asset?   

Save your expected returns and portfolio weights in the last ϰ columns 
of `df.ϲ`. 

 


